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Abstract – The question of absolute instabilities occuring in a boundary-layer flow with compliant coatings is reassessed. Compliant coatings of the
Kramer’s type are considered. Performing a local, linear absolute/convective stability analysis, a family of spring-backed elastic plates with damping
is shown to be absolutely unstable for sufficiently thin plates. The absolute instability arises from the coalescence between an upstream propagating
evanescent mode and the Tollmien–Schlichting wave. To reinforce the local, linear stability results the global stability behaviour of the system is
investigated, integrating numerically the full nonparallel and nonlinear two-dimensional Navier–Stokes system coupled to the dynamical model.
Injecting Gaussian-type, spatially localized flow disturbances as initial conditions, the spatio-temporal evolution of wave packets is computed.The
absolute stability behaviour is retrieved in the global system, for a compliant panel of finite length. It is demonstrated numerically that the globalstability
behaviour of the wall, triggered by finite-end-effects, may be independent of the disturbance propagation in the flow. 2001 Éditions scientifiques et
médicales Elsevier SAS
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1. Introduction

Numerous investigations have been devoted to the analysis of the interaction between an unstable boundary-
layer flow and a compliant coating. A quite recent review on the topic has been given by Gad-el-Hak [1]. Soon it
has been recognized that compliant walls may be responsible for the occurrence of other instability mechanisms
than the usual Tollmien–Schlichting waves which trigger the onset of transition in boundary-layer flows along
rigid walls. According to a commonly used classification scheme (Carpenter and Garrad [2,3], the instability
waves are divided into fluid-based Tollmien–Schlichting instabilities and solid-based flow-induced surface
instabilities. The latter ones are analogous to instabilities observed in hydro- and aeroelasticity. They consist
of travelling-wave flutter moving at speeds close to the solid free-wave-speed, as well as static, divergence
waves. Thorough investigations of the influence of compliant coatings on Tollmien–Schlichting waves as well
as the linear stability analysis of flow-induced surface instabilities are available since the work of Carpenter and
Garrad [2,3]. The problem of the proper choice of coating parameters capable of delaying spatial instabilities
has been addressed for instance by Joslin and Morris [4], and detailed studies of the influence of compliant
coatings on secondary instabilities have been carried out (Joslin and Morris [5]). Most of the investigations
available are based on linear temporal or spatial stability analyses using a locally-parallel flow assumption. The
influence of the boundary-layer growth in the presence of compliant coatings has been addressed by Yeo et al.
[6] using a multiple-scale analysis. Computing nonlinear travelling waves bifurcating at criticality in a Blasius
boundary-layer flow, there is some evidence that the locally-parallel flow assumption is no longer relevant for
highly compliant walls (Ehrenstein and Rossi [7]).
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Investigating the stability behaviour of a boundary-layer flow bounded by a compliant wall in view of
transition control (Gad-el-Hak [1]), most of the studies have focused on convective (spatial) instabilities. Using
uniform potentiel flow, and performing a time-asymptotic analysis of spatio-temporal disturbances (Huerre
and Monkewitz [8]), Brazier-Smith and Scott [9] have shown however that absolute instabilites may occur
in flows bounded by compliant plates. Concerning Blasius boundary-layer flow Carpenter and Garrad [3]
suggested that static divergence waves may be interpreted as absolute instabilities (see also the review of
Carpenter [10]). Simulating the interaction of a compliant wall of finite length and unsteady potential flow an
absolute-type stability behaviour has been demonstrated by Lucey and Carpenter [11]. More recently Lingwood
and Peake [12] considered more realistic shear profiles, ranging from uniform flow, previously considered by
Crighton and Oswell [13], to the Blasius profile. Focusing on local properties of the dispersion relation for the
linearized Euler equations, Lingwood and Peake show in particular that the critical flow velocities for absolute
instability depend strongly on the characteristic transverse length scale.

Considering viscoelastic damped walls, a systematic analysis of the dispersion relation with regard to
absolute instability has been performed by Yeo et al. [14] for viscous boundary-layer flow. It is shown that
absolute instabilities occur for large parameter ranges in both the Reynolds number and wall characteristics.
Pinch-point singularities in the complex frequency-wavenumber dispersion relation have also been detected
for instance in rotating-disc boundary-layer flow over compliant coatings (Cooper and Carpenter [15]). Hence,
absolute instability behaviour is a general feature when fluid flow is bounded by elastic materials including for
instance fluid-conveying flexural pipes (de Langre and Ouvrard [16]).

The aim of the present work is to reassess the question of absolute instability in a boundary-layer flow
bounded by an elastic plate. Similar to Yeo et al.’s [14] analysis for viscoelastic walls, the dispersion relation
for a boundary-layer flow over a damped, spring-backed elastic plate is analysed with regard to the existence
of pinch-point singularities. The local analysis is reinforced solving the Navier–Stokes system coupled to the
dynamical model. The global spatial evolution of wave packets is computed, starting from a Gaussian-type
initial flow disturbance.

In section 2 we briefly recall the underlying computational model of our analysis as well as the numerical
solution procedure used to solve the fluid-structure system (more details about the numerical method and the
validation of the procedure may be found in Wiplier and Ehrenstein [17]). In section 3 we briefly survey the
different spatial instability modes existing in a (convectively) unstable boundary-layer over a compliant wall,
for the example of a spring-backed elastic plate. In section 4 a local linear stability analysis is first performed
for complex frequencies and wavenumbers. It is shown that for sufficiently thin compliant panels with damping
an evanescent mode and a Tollmien–Schlichting mode merge in the complex wavenumber plane for positive
imaginary parts of the frequency, leading to absolute instability. The numerical simulation procedure is then
used to simulate the spatial (nonparallel and nonlinear) evolution of wave packets triggered by a spatially
localized initial condition. It is shown, how the trailing edge of the compliant panel generates the upstream
propagating evanescent mode which coalesces in the absolutely unstable case with the travelling-wave-type
Tollmien–Schlichting mode, leading to a rapid increase in perturbation amplitude. Finally, some conclusions
are drawn in section 5.

2. Computational model

In this section the governing equations and the procedure capable of solving numerically the global fluid-
structure system are briefly described. A complete analysis of the computational model may be found in Wiplier
and Ehrenstein [17].
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2.1. Wall model and basic state

We consider an incompressible fluid flow of viscosityν∗ past a plane wall, which in the rigid case is located
aty∗ = 0 , 0� x∗. The basic state(U ∗(x∗, y∗),V ∗(x∗, y∗)) is solution of the boundary-layer equations along a
flat plate in the absence of a pressure gradient and hence the interface remains flat. The computational domain
in the streamwise direction isx∗

a � x∗ � x∗
b . The velocity at infinityU ∗∞ is used as reference velocity and

the displacement thicknessδ∗
a = γ

√
ν∗x∗

a /U
∗∞ , γ = 1.7208, at in-flow is the reference length. The Reynolds

number is defined with the displacement thickness at in-flow

Re= U ∗∞δ∗
a

ν∗ . (1)

When the wall is compliant the dimensionless vertical displacementη(x, t) is solution of the dynamical
equation

m
∂2η

∂t2
+ d

∂η

∂t
+B

∂4η

∂x4
+ κη= [−p+ σ ](x, η). (2)

Herep is the dimensionless perturbation fluid pressure andσ is the normal viscous stress of the perturbation
fluid velocity with

σ = 2

Re

(
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(
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)
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)
, (3)

(u, v) being respectively the streamwise and the wall-normal component of the disturbance flow velocity and
�n= (n1, n2)= 1√

1+(∂η/∂x)2(−
∂η

∂x
,1) is the unit normal vector at the wall. The dimensionless coating parameters

are such that

m= m∗

δ∗
aρ

∗ , d = d∗

U ∗∞ρ∗ , B = B∗

δ∗3
a ρ

∗U ∗2∞
, κ = κ∗δ∗

a

ρ∗U ∗2∞
, (4)

the coating characteristicsm∗, d∗, B∗ andκ∗ being respectively the mass density per unit length, damping,
flexural rigidity of the plate and spring stiffness. As usual the pressure is made dimensionless usingρ∗U ∗2∞ , ρ∗
being the fluid density. The total fluid flow is governed by the Navier–Stokes system which has to be solved in
the (unknown) domain

xa � x � xb, η(x, t)� y � ∞. (5)

Only vertical displacements are allowed, hence the kinematical condition at the moving boundary writes

(U + u)
[
x, η(x, t)

] = 0,
∂η

∂t
= (V + v)

[
x, η(x, t)

]
. (6)

2.2. Numerical solution procedure

The geometry being an unknown of our problem, the physical domain (5) is transformed into a computational
fixed domain using the mapping

t ′ = t, x′ = x, y′ = y − η(x, t). (7)
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The divergence operator, the Laplacien and the time derivative hence become

�∇ = �∇′ + �D(η), �=�′ +L(η),
∂

∂t
= ∂

∂t ′
+Dt(η) (8)

with

�D(η)=
(

− ∂η

∂x′
∂

∂y′ ,0
)
, Dt(η)= − ∂η

∂t ′
∂

∂y′

and

L(η)= − ∂2η

∂x
′2
∂

∂y′ − 2
∂η

∂x′
∂2

∂x′∂y′ +
(
∂η

∂x′

)2
∂2

∂y
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The Navier–Stokes system is, written in terms of the disturbance flow velocity�u and the disturbance pressure
p,

∂ �u
∂t ′

+G(�u)+N(�u)− 1

Re
�′ �u+ �∇′p = S(η, �u, �U,p), (9)

�∇′ · �u= − �D(η) · �U − �D(η) · �u, (10)

where the gradient termG(�u) and the convective termN(�u) areG(�u) = ( �U · �∇′)�u+ (�u · �∇′) �U andN(�u) =
(�u · �∇′)�u. The right-hand side of equation (9) contains all the terms withη resulting from the mapping (7). In
the computational frame(x′, y′) the kinematical conditions (6) and the boundary conditions at infinity for the
disturbance velocity field are

u(x′,0)= 0,
∂η

∂t ′
= v(x′,0)

and p,u, v→ 0 asy′ → ∞. (11)

For time-integration of equations (9)–(10) with (11), coupled to (2), second-order backward Euler
differencing is used; the Cartesian part of the Laplacian as well as the pressure gradient are taken implicitly. An
explicit second-order Adams–Bashforth scheme is used for the remaining terms. For the space-discretization,
fourth-order central finite differences are used for the second derivatives in the streamwisex′-direction. In the
wall-normaly′-direction Chebychev-collocation is used. For this purpose an algebraic mapping transforms the
unbounded domain 0� y′ � ∞ into the finite domainξ ∈ [−1,1]. A Poisson equation is solved for the pressure
together with a Dirichlet-boundary condition ensuring a divergence-free velocity field. This is achieved using
an influence matrix technique. In order to avoid oscillations at out-flow, a buffer domain is inserted between
the physical domain and the out-flow boundary (Wiplier and Ehrenstein [17]).

3. Spring-backed elastic plate of finite length

3.1. Linear stability analysis

Despite the numerous linear parallel stability analyses available, we briefly review the different modes of
instability which may arise in a boundary-layer flow with compliant coatings. The description of the different
instability mechanisms will then provide a support for the interpretation of numerical simulation results to be
discussed in the next section.
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Linearizing the Navier–Stokes system (9) (by dropping the convective termN(�u) in (9) for a parallel basic
state �U = (U(y),0)) coupled to the kinematical conditions and to the dynamical equation, a normal-mode
analysis, writing

�u= (
û(y), v̂(y)

)
ei(αx−ωt), p= p̂(y)ei(αx−ωt), η= η̂ei(αx−ωt), (12)

leads to an eigenvalue problem via the dispersion relation

D(ω,α)= 0. (13)

In a temporal stability analysis, the complex frequencyω = ωr + iωi is computed as function of the (real)
wavenumberα. Boundary-layer flows (with rigid walls) are known to be spatially (convectively) unstable, and
performing a spatial stability analysis the complex wavenumberα = αr + iαi is computed as function of the
real frequencyω. In the following the numerical solution procedure used to compute alternativelyω(α) or
α(ω) is briefly summarized. Injecting the normal modes in the linearized Navier–Stokes system coupled to the
dynamical equation, the frequencyω appears quadratically in the dynamical equation whereas the wavenumber
α appears at the power of four in the dynamical equation and quadratically in the Navier–Stokes system.

The nonlinearities in frequency and wavenumber are linearized using auxiliary functions. The normal modes
and the auxiliary functions once discretized using Chebyshev-collocation, one may formally introduce the
vector

)= (
ϕ(y1), ϕ(y2), . . . , ϕ(yn), η,αη̂, α

2η̂, α3η̂,ωη̂
)

with ϕ = (û, v̂, p̂, αû, αv̂)

(yi being the collocation points) which is solution of

(αA + ωB + C))= 0, hence D(ω,α)= det(αA + ωB + C)= 0 (14)

for matricesA, B, C, derived from the discretization of the linearized Navier–Stokes system (together with
the kinematical conditions and the dynamical equation) as well as from the relationships between the normal
modes and the auxiliary functions. This procedure is known as the companion matrix method (Bridges and
Morris [18]). Fixing the wavenumberα the frequenciesω (or alternatively the wavenumbersα for fixed ω)
may hence be computed as generalized matrix eigenvalues using a standardQZ algorithm.

For a general stability analysis one has to consider both complex frequencies and wavenumbers. Fixing for
instance the imaginary partωi of the frequency, complexα may be computed by varying the real partωr .
For sufficiently high valuesωi (above the maximum temporal amplification rate), the real axis in the complex
α-plane will separate two families of solutions: branchesα+ located in the half-planeαi > 0, corresponding
to perturbation propagating downstream, and branchesα− in the half-planeαi < 0, corresponding to upstream
propagating perturbations. For a convectively unstable flow with amplified downstream propagating modes, for
instance in boundary-layers, a member of theα+ family will cross the real axis, for decreasingωi-values, i.e.
by lowering the Laplace contour in theω-plane. The flow is convectively unstable, if no intersection between
branches occurs in theα-plane forωi � 0 (Huerre and Monkewitz [8]) (and then one may indeed computeα

as function of the real frequencyω).

As a representative example for an elastic coating a spring-backed elastic plate with an elastic modulus
of E = 0.5 MN/m2, spring stiffnessκ∗ = 115 MN/m3, plate densityρm = 946 kg/m3 and plate thickness
b∗ = 2 mm is considered (the fluid being water withν∗ = 1.37 × 10−6 m2/s at flow speedU ∗∞ = 18 m/s).
For a fixed Reynolds numberRe = 1700 the complex wavenumbersα(ω) have been computed using theQZ
algorithm, for the real frequency varying from−0.4 � ω � 0.4. As shown infigure 1 the spectrumα(ω)
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Figure 1. Global spectrumα(ω), for a Blasius boundary-layer over a spring-baked elastic plate with elastic modulusE = 0.5 MN/m2, spring stiffness
κ∗ = 115 MN/m3 and plate thicknessb∗ = 2 mm atRe= 1700, for−0.4� ωr � 0.4 (ωi = 0). × corresponds to modes forωr = 0.077554, frequency

used in the numerical simulation (cf.figure 3).

consists of several branches symmetric with respect to the imaginary axis in the complexα-plane. In this
representation the different branches cross each other and it is not easy to detect the different rootsα(ω).
Increasingωi-values and considering only positive real parts of the frequency (varying from 0� ωr � 0.4)
the different branches may however be identified.Figure 2 shows the results for fixedωi = 4 × 10−3. One
branch is just crossing the real axis and it corresponds to the Tollmien–Schlichting (TS) wave. Forαr in the
vicinity of 0.1 and slightly above the real axis one detects a contour which corresponds to the travelling-wave
flutter (TWF)-mode: for real frequencies above cut-off values, in the absence of fluid flow, free waves with
real wavenumbersα = [(ω2m − κ)/B]1/4 exist for the plate, which may easily be seen by considering the
dynamical equation without damping and without second member. One distinguishes the corresponding branch
in the global spectrum depicted infigure 1in the very vicinity of the real axis for|αr |< 0.2.

Besides the TS-branch as well as the TWF-branch, one retrieves the contour for the evanescent (E)-wave as
well as the divergence (D)-wave, using a commonly used classification (cf. Carpenter [10]). These branches
are located in the lower half of the complexα-plane and the corresponding perturbations are hence upstream
modes. They are stable because the correpondingα-roots do not cross the real axis in theα-plane, when
lowering the Laplace contour. The divergence-wave mode is however almost neutral (though slightly damped)
and a particular feature of the associated root is that it appears for negativeαr -values and the real part of the
wave speed is hence negative.
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Figure 2. Global spectrumα(ω), wall characteristics as infigure 1, atRe= 1700, forωi = 4× 10−3,0 � ωr � 0.4; TS: Tollmien–Schlichting mode,
TWF: Travelling-Wave-Flutter, D: Divergence mode, E: Evanescent mode.

3.2. Spatial numerical simulation

Contrary to linear stability analyses which are based on the assumption of homogeneity in the streamwise
direction, inhomogeneities and nonparallel effects may be considered when spatial numerical simulation is
used. Nonparallel effects due to boundary-layer growth have been investigated for instance by Yeo et al. [6].
While modifying amplification rates (in particular for Reynolds numbers nearby criticality) boundary-layer
growth is however not expected to affect the main features of the different instability mechanisms. Boundary-
layer growth is easily taken into account when simulating the spatial evolution of disturbances in the boundary
layer, but also inhomogeneities due to edge effects when using compliant panels of finite length. Finite-end
effects are expected to be particularly important in the presence of downstream- and upstream-propagating
waves.

In order to simulate the disturbance evolution in the global system, a spatial domain with an overall length
of 24 TS-wavelengths (λTS) has been considered. The compliant panel has a length of 15λTS, the leading edge
being located at a distance of 3λTS from in-flow and adjacent to the trailing edge there is again a rigid plate of
6λTS. Clamped-end conditions have been used for the compliant panel. Injecting a time-periodic perturbation
at in-flow with frequencyωr = 0.077554 (the corresponding wavenumbers are marked as crosses infigure 1),
the flow-perturbation being the eigenmode for a rigid plate at in-flow Reynolds numberRe= 1700, the spatial
evolution of the instability has been computed, solving the Navier–Stokes system coupled to the dynamical
equation. (The computations have been performed using 20 points per Tollmien–Schlichting wavelength in
x and 60 collocation points iny. For time-integration a time step of 0.1 has been used.) Similar simulations
for a channel flow with compliant coatings of finite length, for the linearized Navier–Stokes system, have been
reported for instance by Davies and Carpenter [19]. Spatially evolving disturbances, using time-periodic forcing
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at in-flow, have also been described in Wiplier and Ehrenstein [17], for a boundary-layer flow with different
compliant coatings.

The instantaneous wall displacement att = 27T (T being the time-period) is shown infigure 3, for
a computation using the linearized (but nonparallel) Navier–Stokes system as well as for a full nonlinear
computation, with a disturbance amplitude ofA = 0.001 at in-flow. Several waves superimpose and the
nonlinearities only slightly affect the wall displacement. The power spectrum of the instantaneous wall
displacement shown infigure 4 exhibits 4 wavenumbers:γ1 = 0.233, γ2 = 0.096, γ3 = 0.137, γ4 = 0.0686,
corresponding approximately to the TS-instability, TWF-mode, divergence wave and evanescent wave,
respectively, marked as crosses infigure 1. The divergence mode and evanescent mode are upstream
propagating modes triggered by the trailing edge of the compliant panel.

According to the linear stability analysis results, the divergence instability appears as an almost neutral
upstream propagating disturbance mode. To retrieve the corresponding panel response in the global system,
the divergence wave has been triggered using an initial impulse-like flow perturbation. For this purpose the
Navier–Stokes system has been integrated in time using a divergence-free Gaussian-type disturbance of the
flow field

u= −(y − y0)exp
[
−(x − x0)

2

2σ 2
x

− (y − y0)
2

2σ 2
y

]
,

v = σ 2
y

σ 2
x

(x − x0)exp
[
−(x − x0)

2

2σ 2
x

− (y − y0)
2

2σ 2
y

] (15)

Figure 3. Elastic plate with thicknessb∗ = 2 mm, instantaneous wall displacementη at t = 27T (Re= 1700) for in-flow perturbation with frequency
ωr = 0.077554. —: nonlinear computation, initial amplitudeA= 0.001;− − −: linear computation.



O. Wiplier, U. Ehrenstein / Eur. J. Mech. B - Fluids 20 (2001) 127–144 135

Figure 4. Elastic plate, power spectrum for wall displacement depicted infigure 3(for A= 0.001).

(a) (b)

Figure 5. Wall displacement triggered by the divergence mode at the trailing edgex = 800 of the compliant coating, forRe= 2000, at (a)t = 80 and
(b) t = 200.
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as initial condition. This more or less (depending onσx, σy) spatially localized flow perturbation att = 0 is
suitable for the computation of the spatio-temporal evolution of wave packets and it has been used for instance
by Delbende and Chomaz [20] for the analysis of convective and absolute instabilities in wakes. Here the
perturbation withσx = 2 andσy = 0.15 in (15) is localized at(x0 = 800, y0 = 1), that is at the trailing-edge
of a compliant panel, ranging from 0� x � 800. The parameters of the compliant coating are the same as
previously, the in-flow Reynolds number being nowRe = 2000. (Note that for the present computation a
parallel basic-flow has been considered.) The perturbation has been normalized such that the amplitude of the
streamwise component isA= 1× 10−3. The time evolution of the compliant coating is shown infigure 5. As
expected, for increasing time the perturbation spreads upstream for a slowly decreasing amplitude atx = 800
( figure 5(b)), the divergence modes, interpreted as upstream propagating waves, being almost neutral.

4. Absolute instability

Linear stability analyses are again performed in order to detect parameter ranges in the wall parameters
for the occurrence of an absolute instability behaviour in the boundary layer interacting with the elastic plate.
Absolute instability behaviour may most likely be triggered by adding damping to the wall dynamics (Carpenter
and Garrad [3]). Damping has a stabilizing effect on travelling-wave flutter, whereas the Tollmien–Schlichting
mode is destabilized adding damping to the wall dynamics. Considering the same wall characteristics as
in the previous section (elastic modulusE = 0.5 MN/m2, spring stiffnessκ∗ = 115 MN/m3, plate density
ρm = 946 kg/m3), but adding now a damping coefficientd∗ = 2000 kg/m2s, first a linear stability analysis has
been performed using the parallel-flow assumption, for different plate thicknesses. Absolute instability occurs,
if there is a merging for a positive imaginary part ofω0 at a point(α0,ω0) between two spatial branchesα+(ω)
andα−(ω) which initially, for a Laplace contour withωi above the maximum temporal amplification rate, start
on opposite sides of the real axis in the complex wavenumber plane. At this point, the deformed Fourier contour
of integration is pinched (a recent review of the theory of absolute/convective instability and related topics may
be found in Huerre and Rossi [21]). The pinch point corresponds to conditionsD(α0,ω0)= 0, ∂D

∂α
(α0,ω0)= 0

(or equivalently to saddle-points∂ω
∂α
(α0) = 0 if one supposes that there is always a solutionω(α) of the

dispersion relation).

The Blasius-boundary layer with rigid walls is known to be convectively unstable and a complete analysis
of the unstable wave packets based on the formal solution of the initial-boundary-value stability problem
may be found in Brevdo [22]. Concerning the Blasius boundary layer with compliant coatings, damping
has been recognized by Yeo et al. [14] to be responsible for the merging between a convectively unstable
mode and an evanescent mode. For the damped plate with thicknessb∗ = 0.8 mm, at the Reynolds number
Re = 2000, figure 6(a)shows the spatial branches in the region (αr > 0, αi < 0) of the complexα-plane,
function ofω, with 0� ωr � 0.4, for fixedωi = 12.5× 10−4. Only the Tollmien–Schlichting branch (depicted
as small circles) has crossed the real axis. The evanescent-mode branch is depicted as crosses and is similar
to the corresponding branch infigure 2. Decreasing the imaginary part ofω there is a pinch between
these branches, as demonstrated infigure 6(b)and 6(c). The corresponding frequency and wavenumber are
ω0 = (0.108,1.82× 10−3), α0 = (0.18,−6.69× 10−2). Alternatively, as advocated for instance by Kupfer et
al. [23], αi-contours may be mapped in the complexω-plane. This approach has for instance been used by
Yeo et al. [14] for their analysis of absolute instability for an unstable boundary layer over viscoelastic walls.
Theαi-contours in theω-plane form indeed a cusp atω0, for theαi-contour passing throughα0, as shown in
figure 7. An upward vertical ray drawn from the cusp point intersects theαi = 0 contour only once, and hence
there is only one crossing of theαr -axis (for the root corresponding to the Tollmien–Schlichting wave) in the
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(a) (b)

(c)

Figure 6. Global spectrumα(ω), spring-backed plate with dampingd∗ = 2000 kg/m2s and thicknessb∗ = 0.8 mm, atRe= 2000, for (a)ωi = 12.5×
10−3 (0� ωr � 0.4); ◦ Tollmien–Schlichting branch.+ evanescent wave branch. (b) Merging between TS-branch and E-branch, atωi = 1.8× 10−3.
(c) Branches in the vicinity of pinch point:· · · ωi = 2.3 × 10−3, — ωi = 1.9 × 10−3, ◦ ωi = 1.8 × 10−3, − − − ωi = 1.7 × 10−3 and − · −

ωi = 1.3× 10−3.

α-plane. Indeed, every crossing ofα-roots in theα-plane when lowering the Laplace contour corresponds to an
intersection of the vertical ray emanating from the cusp in theω-plane with theαi = 0-contour (cf. [14,23]).

The imaginary part ofω at the cusp in theω-plane (or alternatively at the pinch point in theα-plane)
is positive and hence the instability is of absolute type. The pinch points have been computed for different
Reynolds numbers. The corresponding absolute growth ratesωai are shown infigure 8. For a plate thickness of
b∗ = 0.8 mm the fluid-structure system is absolutely unstable for a large parameter range in Reynolds number.
While it was possible to compute a critical upper Reynolds number for absolute instability, the numerical
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Figure 7. The αi -contours in the complexω-plane, same parameter values as infigure 6. - - - αi = 0; -.-.- αi = −0.02; ... αi = −0.04; cusp at
αi = −0.067, it corresponds to intersection point infigure 6(c).

Figure 8. Absolute growth rateω(a)
i

as function of Reynolds numberRe, plate with dampingd∗ = 2000 kg/m2s and thickness:◦ b∗ = 0.80 mm;
× b∗ = 1.00 mm.

procedure did not detect a critical lower Reynolds number. Increasing the plate thickness, the absolute growth
rates decrease. Whereas there is still a parameter range of absolute instability forb∗ = 1 mm, the fluid-
structure system will become convectively unstable for somewhat thicker plates. We again emphasize that
in the present case the absolute instability results from the merging between the Tollmien–Schlichting-mode
and the evanescent mode. The travelling-wave-flutter mode is stable due to the damping.
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(a) (b)

Figure 9. Evolution of normalized energyE(x, t)/E0,max at (a)t = 0,100,200, . . . ,800, atRe= 1000, for plate thicknessb∗ = 2 mm.◦: leading and
trailing edges of wave packet.− − −: end of physical domain. (b) Normalized energy att = 0,200,400, . . . ,3200 with second convected wave packet

starting att = 1800.

In order to reinforce the findings on absolute instability based on the local linear stability analyses using
the parallel-flow assumption, the spatial evolution of an initially localized perturbation has been computed
solving the complete Navier–Stokes system coupled to the dynamical model (taking into account the spatial
development of the basic flow as well as panel edge effects), for the same parameter values of the elastic
plate. The compliant panel of finite length ranges from 200� x � 600. The perturbation withσx = 2 and
σy = 0.15 in (15) is localized at(x0 = 400, y0 = 1), that is one displacement thickness above the centre of the
compliant panel. The overall length of the computational domain inx is 900 and 900 points have been used for
discretization inx, whereas 40 collocation points have been considered iny. The timestep for time integration
is �t = 0.1. For this and the subsequent computations the perturbation has been normalized such that the
amplitude of the streamwise component isA = 1 × 10−4. Even though nonlinearities are taken into account
in the numerical model, we focus in the present computations on global, nonparallel effects and a rather low
initial perturbation amplitude has been considered.

The energyE(x, t)= ∫ ∞
0 (u2 + v2)(x, y, t)dy has been chosen to represent the evolution of the wave packet

in the (x, t)-plane. One computation for a plate thicknessb∗ = 2 mm is shown infigure 9(a), the Reynolds
number beingRe= 1000. The small circles represent the numerically computed leading and trailing edges of
the wave packet: upstream of the left edge and downstream of the right edge the perturbation energy becomes
negligible (with E

E0,max
� 3 × 10−3, E0,max being the maximum of the initial energy). For this plate thickness

the flow is convectively unstable and indeed the perturbation is convected downstream. The cusp in the leading
edge of the wave packet occurs when the perturbation reaches the trailing edge of the compliant panel (at
x = 600), which has some upstream influence on the flow field before the perturbation is convected again. The
intersections with the ordinate of the succesive energy graphs correspond to zero normalized energy. (That is, to
recover the normalized energy amplitudes at the different times one has to substract the value at the intersection
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Figure 10. Evolution of wall displacementη(x, t) at t = 0,100,200, . . . ,800, atRe= 1000,b∗ = 2 mm.

Figure 11. Evolution of normalized energyE(x, t)/E0,max at t = 0,125,250, . . . ,1500, atRe = 1000,b∗ = 1 mm.◦: leading and trailing edges of
wave packet.− − −: end of physical domain.

of the different graphs with the ordinate.) Note that the buffer domain used to avoid reflections at the out-flow
boundary (Wiplier and Ehrenstein [17]) starts at the vertical broken line infigure 9(a).

In figure 9(a) the wave packet has not yet left the computational domain. The time integration has been
pursued up tot = 3200 and indeed the wave packet leaves the domain, as shown infigure 9(b). However, a
second wave packet (with almost negligible amplitudes) appears for a later time. While the main disturbance
is convected, the trailing edge triggers an upstream propagating (divergence-type) wall perturbation with
decreasing amplitudes, which in turn, when reaching the leading edge of the plate, gives again rise to a
convected wave packet in the boundary layer, but now with vanishing amplitudes. The behaviour of the wall
displacementη is shown infigure 10. The perturbation in the wall is first convected, it reaches the trailing edge
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Figure 12. Evolution of wall displacementη(x, t) at t = 0,125,250, . . . ,1500, atRe= 1000,b∗ = 1 mm.

Figure 13. Evolution of normalized energyE(x, t)/E0,max in the absolutely unstable case withb∗ = 0.8 mm at Re = 1000, for t =
0,200,400, . . . ,1000.◦: leading and trailing edges of wave packet.− − −: end of physical domain.

of the panel atx = 600, the wave is then reflected before it is progressively damped out. (Again, the intersection
of the different graphs with the ordinate corresponds to zero wall displacement.)

The evanescent mode will be triggered when the perturbation reaches the trailing edge. When the system is
absolutely unstable, the interaction with the oncoming travelling wave is expected to give rise to a perturbation
which grows in time upstream and downstream from the source (that is the trailing edge). For a plate thickness
of b∗ = 1 mm, the local linear stability analysis predicts a weak absolute instability. Considering this plate
thickness for the global computation with the in-flow Reynolds numberRe = 1000, the evolution of the
disturbance is shown infigure 11. The criterion used to compute the edges of the wave packet predicts an
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Figure 14. —–: streamwise componentu and− − − wall-normal componentv atx = 400, y = 1, as function of time, foru= 10−4 at t = 0. Plate with
thicknessb∗ = 0.8 mm, atRe= 1000.

Figure 15. Wall displacement in the absolutely unstable case (b∗ = 0.8 mm, atRe= 1000), fort = 100,200,300, . . . ,800.

upstream propagating energy. However, a self-sustained instability mechanism typical for an absolute instability
behaviour does not set in. The ambiguous global behaviour of the flow disturbance with regard to the local
stability analysis may be due to nonparallelism. Also, nonlinearities may put a bound on the perturbation energy.
While for this plate thickness ofb∗ = 1 mm the fluid flow appears to be at the margin of absolute instability,
the wall displacement ultimately evolves into a temporally growing global mode due to wave reflections at the
edges of the compliant panel, as shown infigure 12.

Finally, a plate thickness ofb∗ = 0.8 mm has been considered, for an in-flow Reynolds number ofRe= 1000,
this case being locally absolutely unstable with a fairly high absolute growth rate (cf.figure 8). The spatio-
temporal diagram for the evolution of the flow-disturbance energy is shown infigure 13. In this case the flow is
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clearly globally absolutely unstable. There is a dramatic increase in disturbance energy when the wave packet
reaches the trailing edge of the compliant panel atx = 600. The time evolution of both streamwise and wall-
normal disturbance flow components for a location above the centre of the compliant panel (atx = 400 and
y = 1) is shown infigure 14, which illustrates the self-sustained oscillation mechanism. The signal periodically
crosses the zero line and a Fourier analysis gives a frequency ofωr ≈ 0.054. The local stability analysis predicts
a pinch point (for a plate thickness ofb∗ = 0.8 mm andRe= 1000) for a complex frequency withωr = 0.0526
and an absolute growth rateωi = 5.53× 10−3. Hence, the real parts of the frequencies given by both the local
and global analyses compare quite well. Finally,figure 15shows the spatio-temporal evolution of the wall
displacement. Here, in contrast to the case withb∗ = 1 mm shown infigure 12, the maximum of the wall
displacement remains located in the vicinity of the trailing edge.

5. Concluding remarks

By performing a local linear spatio-temporal stability analysis for an example of a damped, spring-backed
elastic plate, the existence of a local absolute instability behaviour has been demonstrated, for sufficiently thin
plates. It has been shown that pinching occurs via merging between the evanescent mode and the travelling-
wave-type Tollmien–Schlichting mode.

In order to see whether the predicted behaviour may be retrieved for the global, nonparallel Navier–
Stokes system coupled to the wall model, the fluid-structure system has been solved for a spatially localized
Gaussian-type initial flow disturbance. These simulations are complementary to those reported in Lucey and
Carpenter [11], who computed the interaction between an unsteady potential flow and a compliant coating. The
results reported in the present work indicate that the divergence-type instability behaviour observed by Lucey
and Carpenter is in fact due to the interaction between the stable, upstream propagating evanescent wave mode
and a convectively unstable travelling wave, as suggested by Yeo et al. [14]. In the numerical simulations of the
disturbance evolution, the absolute instability behaviour is triggered at the trailing edge of the finite compliant
panel.

Our numerical experiments indicate that the global system with nonparallelism and panel-end effects behaves
qualitatively, with regard to convective versus absolute instability, as predicted by the local linear stability
analysis. Indeed, when the local linear stability behaviour predicts a convective instability, the disturbance
in the flow is also convected in the global system, although the wall may exhibit a global deformation due
to finite-end effects and mode reflections. On the other hand, the trailing edge is the source of disturbances
spreading upstream and downstream in the flow for the global system for parameter ranges, where the system
is absolutely unstable according to linear parallel stability theory. Hence, the sharp inhomogeneity at the trailing
edge appears to play a similar role as a Dirac-type initial disturbance, used as a theoretical concept for triggering
the entire wave packet in an infinitely extended system.
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